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Adjoint sensitivity calculation of stress, buckling,and displacement constraints may be much less expensive than
direct sensitivity calculation when the number of load cases is large. In general, it is more dif� cult to implement the
adjoint method than the direct method, but it is shown that the use of the continuum adjoint method, along with
homogeneity conditions, can alleviate the problem. Expressions for von Mises stress and local buckling sensitivities
for isotropic plate elements are derived. Computational ef� ciency of the adjoint method is sensitive to the number
of constraints, and, therefore, the adjoint method bene� ts from constraint lumping. A continuum version of the
Kreisselmeier–Steinhauser functional is chosen to lump constraints. The adjoint and direct methods are compared
for three examples: a truss structure, a small high-speed civil transport (HSCT) model, and a large HSCT model.
These sensitivity derivatives are then used in optimization.

Introduction

S ENSITIVITY of structural responsequantities,such as stresses
or displacements, to design parameters is useful in optimiza-

tion, system identi� cation, and probabilistic analysis. Finite differ-
ence derivatives are commonly used, but they are expensive com-
putationally and prone to errors. Consequently, there is widespread
interest in analytical sensitivity methods, commonly classi� ed as
either direct or adjoint methods.1

The widely used direct method is obtained by direct differenti-
ation of the equations of equilibrium, which are used to compute
the structural responses or static solutions. The number of system
solutions required to obtain the constraint derivatives is equal to
the product of the number of design variables, the number of load
cases, and the number of structural con� gurations, for example,
damaged versions of a structure. The adjoint method is obtained
by differentiation of constraint functionals. The number of system
solutions required to obtain the derivatives is equal to the number
of constraints of interest. For problems with multiple load cases or
multiple structural con� gurations, the adjoint method can be more
ef� cient than the directmethod.This computationaladvantageis en-
hanced for derivatives of stress functions because these derivatives
can be calculated directly rather than obtained from derivatives of
the displacements.Reduction of the number of constraints through
constraintdeletionor lumping enhances the ef� ciency of the adjoint
method.

The computational ef� ciency of the adjoint method is offset by
greater implementation effort compared to the direct method, espe-
ciallywhen basedon differentiationof discretizedstructuralmodels.
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This implementationpenalty is alleviatedfor stress constraintswhen
theadjointmethodis implementedbasedoncontinuumequations,2;3

where the adjoint load is implemented as initial strains imposed in
the elements of interest.

The objectivesof this study are to derive the adjoint initial strains
for computing the sensitivityof von Mises stress and local buckling
constraints and to demonstrate the ef� ciency of the adjoint method
under multiple load cases with and without constraint lumping. It is
shown that bucklingandvonMises stressconstraintssatisfya homo-
geneity property that simpli� es bucklingsensitivitycomputationby
obviating the need to compute partial derivativesof the constraints.
A continuum version of the Kreisselmeier–Steinhauser (KS) func-
tional that allows lumpingof the constraintswith the adjointmethod
is also investigated.The ef� ciency of the adjoint method is demon-
stratedby structuraloptimizationof threeproblems:a trussstructure,
a small model of a high-speed civil transport (HSCT), and a large
model of an HSCT.

Direct Method
The discretizedequations of equilibrium may be written in terms

of the stiffness matrix K, the force vector f, and the displacement
vector u as

Ku D f (1)

The recoveryof the stress � eld ¾ from the displacementvector may
be written as

¾ D Su (2)

where S is the stress-displacement matrix.4 For a constant load,
differentiating Eqs. (1) and (2) with respect to a design variable p
we obtain

Ku p D f p ´ ¡Kpu (3)

¾ p D Spu C Su p (4)

where the subscript p is total differentiation with respect to the
design variable p and f p is the pseudoload. The direct method
solves for the displacement and stress derivatives from Eqs. (3)
and (4), respectively.
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ImplementingEqs. (3) and (4) in � nite element software requires
a large programming effort for computing derivatives of element
stiffness and stress matrices with respect to all possible design
variables. An easy-to-implement alternative, known as the semi-
analyticalmethod,5 employs a � nite difference evaluationof Kp . In
addition, we estimate the incremented displacement u with a � rst-
order approximationusing the displacementderivativefrom Eq. (3),
which corresponds to a � nite difference increment in a design vari-
able. This estimate of u is then used in Eq. (2) to compute the
corresponding stresses, and the stress derivative is computed with
� nite differences, bypassing Eq. (4). The semi-analytical approach
is used in the present study. Because the matrix K is available in
factored form from solving Eq. (1), the solution for displacement
derivatives up in Eq. (3) is much cheaper than the solution for the
displacements.However, obtainingstressderivativesfrom displace-
ment derivativescosts about the same as the originalstress recovery
[Eq. (2)], reducing the savings associated with the direct method
compared to a full � nite difference calculation of the sensitivity,
which involves factoring K a second time.

Adjoint Method
The adjoint method, when formulated directly for a discrete sys-

tem, tackles derivatives of displacement functionals of the form
g.u; p/. A stress constraint g.¾; p/ is converted to a displacement
functional as g.Su; p/. The derivative of g is given as

gp D g;p C g;u ¢ up (5)

where a comma denotes a partial derivative with respect to the fol-
lowing subscript and a dot denotes an inner product. With some
algebra, Eq. (5) can be converted into

gp D g;p Cf p ¢ ua (6)

where ua is the adjoint displacement� eld, found as a solutionof the
system

Kua D gT
;u (7)

There are implementation dif� culties associated with the adjoint
method when thusly formulated, which have slowed its widespread
application. For stress constraints such as the von Mises equiva-
lent stress, gT

;u depends on the stress-displacementrelationshipand,
hence, on the details of the � nite elements used. This information
is not always readily available. Unlike the direct method, no semi-
analytical method is readily available for calculating gT

;u .
Using a continuum formulation of the adjoint method instead of

a discretized formulation can eliminate this problem. The adjoint
method for stress constraints then requires the imposition of an
adjoint load in the form of an initial straindistributionin the element
where the constraint is applied. When the method is applied to a
discrete model, an equation of the form

Kua D f a (8)

has to be solved, where f a is the force equivalent to the adjoint
load. A � nite element code with initial strain capability can easily
generate the adjoint force f a .

Continuum Formulation of Constraint Sensitivities
For the continuum approach, a constraint function, for example,

a stress or buckling constraint, is more conveniently expressed as a
constraint functional G

G D
1

w0

Z
g.¾; p/ dw (9)

where ¾ is a vector of stresses or stress resultants. The integration
in Eq. (9) represents an averaging process over an element of the
structure with w0 denoting the size of the element. The sensitivity
of G to the design variable p is obtained by differentiating Eq. (9)
with respect to p to yield

G p D 1

w0

Z £
g;p C g;¾ ¢ .¾;p C ¾;""p/

¤
dw (10)

When p is a property of a structural element other than the element
whose sensitivity is being computed, the partial derivatives with
respect to p are zero. For the stress constrainton a truss member, the
scalar ¾ is the axial force in the member, and w0 and dw represent
the total and differential member lengths. For stress or buckling
constraints on a plane-stress element, w0 and dw are the total and
differentialplate surface area, and ¾ is the vector of stress resultants
N, given by

N D

2

4
Nx

Ny

Nx y

3

5 D tD

2

4
"x

"y

"x y

3

5 (11)

where t is the plate thicknessand D is the constitutivematrix. In this
case ¾;p D N;t D N/t when the design variable is the element’s own
thickness,and ¾;p D 0, otherwise.For a three-dimensionalelement,
¾ is the stress state and w0 is the volume. For an isotropic plane-
stress element with p being the element’s own property .p D t/,
N;t D D" and N;" D tD.

In the continuum formulation, it can be shown2 that the adjoint
load is an initial strain given by g;¾ =w0 , regardless of what p is.
Consequently, the loading dependson the constraint functional,but
not on the details of the � nite element except for its length, surface
area, or volume. This loading can be easily applied in any program
that has initial strain loading capabilities. The displacement result-
ing from the application of the adjoint load is called the adjoint
displacement ua . It can be shown that

G p D 1

w0

Z
.g;p C ¾;p ¢ g;¾ / dw C f p ¢ ua (12)

where f p is the pseudoload when a � nite element model is used
[Eq. (3)]. The last term in Eq. (12) is easy to implement, but the
integral requires some element level implementation. However, the
integrand in Eq. (12), which is in general nonzero when p is the
structuralelement’s own property,can be simpli� ed by usinga prop-
erty of homogeneous functions. If g is a homogeneous function of
degree h in its arguments, that is, if

g.c¾; cp/ D chg.¾; p/ (13)

then it can be shown that

g;¾ ¢ .¾=p/ C g;p D .h=p/g (14)

If ¾ is such that

¾=p D ¾;p (15)

then

g;¾ ¢ ¾;p C g; p D .h=p/g (16)

Equation (15) holds for a truss member and a plate elementunder
in-plane loading,where cross-sectionalarea and plate thickness are
the design variables, respectively.For a plate element, for example,
N;t D N/t from Eq. (11). Hence, Eq. (12) becomes

G p D 1
w0

Z ³
hg

p

´
dw C f p ¢ ua (17)

When h D 0, the integral in Eq. (17) disappears, and the sensitivity
is easily calculated. When h is nonzero, Eq. (17) is still easier to
calculate than Eq. (12); the integrand is simply a multiple of the
function g. Homogeneity of a constraint, hence, does away with
the need to implement and compute partial derivatives of the con-
straint. The constraints for truss and membrane elements have ho-
mogeneity properties; thus, we have an additional simpli� cation in
the calculation of their derivatives. The homogeneity properties of
stress and plate bucklingconstraintsare differentand will be studied
separately.
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Homogeneity of Stress Constraints
A stress constrainton truss members and von Mises constrainton

plane-stresselements are homogeneousto the zeroth degree, that is,
h D 0. These constraintsare, thus, unchangedwhen both the stresses
¾ and the designvariable p are scaledup or down by the same factor
[Eq. (13)]. The average stress constraint in a truss member is given
by

G D
1
L

Z ³
P

Ä¾all
¡ 1

´
dL (18)

where P is the bar force, L is the length, Ä is the cross-sectional
area, and ¾all is theallowablestress.Similarly, theaveragevonMises
stress constraint in a plane-stress element is given by

G D 1
A

Z
.¾vM ¡ 1/ dA (19)

where A is the surface area of the plate element. The von Mises
stress ratio ¾vM is de� ned by

¾vM ´ ®=t¾yp; ®2 ´ N 2
x ¡ Nx Ny C N 2

y C 3N 2
x y (20)

and ¾yp is the yield stress. In both Eqs. (18) and (19), the integrands
are homogeneous to the zeroth degree.

The axial initial strain to be imposed in a bar element to compute
the adjoint displacement ua for the bar stress constraint sensitivity
is obtained from Eq. (18) as

"in D g;P =L D 1=LÄ¾all (21)

Similarly, the initial strain state to compute the adjoint displace-
ment for a von Mises constraintsensitivity is derived from Eqs. (19)
and (20) as

"in D gT
;N =A D .1=2¾yp At®/.2N ¡ N0/ (22)

where

N0 ´ [Ny Nx ¡4Nx y]T (23)

Because of zeroth-order homogeneity, once the displacements due
to these initial strains are calculated,the derivativesare given by the
last term in Eq. (17).

Homogeneity of Plate Buckling Constraints
An isotropic rectangular � at plate of thickness t and sides a and

b may buckle under biaxial loading if the maximum value (over m
and n) of

1=¸n D ¡.1=1/
£
Nx .m=a/2 C N y.n=b/2

¤
(24)

exceeds unity, where an applied stress resultant Ni is positive when
tensile and

1 D ¼ 2t 3 H[.m2=a2/ C .n2=b2/]2 (25)

with

H D E=12.1 ¡ º2/ (26)

An isotropic in� nite strip of width b having two simply supported
sides, on the other hand, may buckle under pure in-plane shear if

1

¸s

D
jNx y jb2

52:7t 3 H
(27)

exceeds unity.6 When Eq. (27) is applied to a rectangular � at plate,
b is taken to be the shorter edge. Buckling under combined loading
may occur if the value of the interaction equation

1=¸comb D .1=¸n/ C
¡
1=¸2

s

¢
(28)

reachesunity.7 Therefore,a bucklingconstraintfor an isotropicplate
under combined loading may be written as

g.N; t/ D g1.N; t/ C g2.N; t/ ¡ 1 · 0 (29)

where N is the vector of stress resultants and

g1.N; t/ ´ 1=¸n; g2.N; t/ ´ 1
¯

¸2
s (30)

If ¸n is negative, g1 is taken to be zero.
The initial strain for the buckling constraint in Eq. (29) is given

by g;N=A. Hence, assuming ¸n > 0,

"in D 1
A

µ
¡

m2

a21
; ¡

n2

b21
;

2Nx y b4

.52:7H /2t 6

¶
(31)

Becauseg doesnot dependon the positionwithin theplate, it follows
from Eq. (12) that

G t D gt D g;t C g;N ¢ N;t C f p ¢ ua (32)

when p D t is the thicknessof the plate element whose constraint is
being evaluated.

As for the homogeneity, the constraint g in Eq. (29) is not homo-
geneous as a whole, but its components are. For g1 alone, h D ¡ 2
and for g2, h D ¡ 4. Hence, Eq. (32) becomes

G t D gt D ¡.1=t/.2g1 C 4g2/ C f p ¢ ua (33)

When t is a property of a structural element other than the plate
whose sensitivityis being computed, the bucklingsensitivity is sim-
ply given by

G t D gt D f p ¢ ua (34)

Note that the homogeneity is not limited to the constraints for iso-
tropicplates; it is valid for the total thicknessof composite laminates
as well, provided the fractional ply thicknesses are kept constant.

Constraint Lumping
Even with constraintdeletion, the number of retained constraints

may still be large. Reducing the number of constraints by lumping
them into groups can increase the savings brought about by the
adjoint method. A continuum version of the KS functional is used
here to lump a set of constraintsfor a number of structural elements
into a single constraint. The customary form of the KS function
replaces a set of l constraint functions

gi .p/ · 0; i D 1; : : : ; l (35)

by

KS[gi . p/] D 1

½

lX

i D 1

e½gi .p/ · 0 (36)

In the case of stress constraints, this form can be generalized to a
continuum case where the constraint needs to be satis� ed over a
domain Ä in the structure

g.x; p/ ´ [¾.x; p/=¾all] ¡ 1 · 0; x 2 Ä (37)

where ¾.x; p/ may be a principal stress or von Mises stress at point
x, ¾all is the allowable stress, and g may be a buckling constraint as
well with g given by Eq. (29). However, the following de� nition of
the KS functional does not depend on the form of g. Namely,

KS[g.¾; p/] D gmax C .1=½/ G[g.¾; p/] (38)

where gmax is the maximum value of the constraint in the region, ½
is a positive parameter, and

G[g.¾; p/] D
Z

1
w0.x/

expf½[g.¾; p/ ¡ gmax]g dÄ (39)

with 1=w0.x/ being a positive parameter and a weighting function.
The term w0.x/ may be chosen to emphasize the contribution from
certain regions, but is taken constant here. In KS lumping, regions
where the constraint is far from being active, that is, the value of
g being close to ¡1, contribute much less to the functional than
regions where the constraint is nearly active, that is, the value of g
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being close to 0. This may lead to a slightly overweight design as
demonstratedin example1 below. The choiceof the valueof½ in the
functionis therefore important.A small valueof ½ leads to an overly
conservativeKS functionwhile a largevalueof½ causes the function
to be dominatedby the most critical constraints,possibly leading to
oscillations in the optimization.For the problems consideredhere a
value of ½ D 50 was found to be a good compromise.

The integral in Eq. (39) is taken over all of the elements being
lumped together. In the implementationfor this study, the integrand
in Eq. (39) is constantwithin each element, and the integralbecomes
a summation. The derivative of the KS functional is given as

KS p D G p=½G (40)

when gmax is taken as the most critical constraint value among the
group of elements and is treated as a convenient constant for the
purposeof differentiation.The simpli� cationnotedwithout lumping
also holds with KS lumping. For example, for a stress constraint on
a bar or a plane-stress element, Eq. (17) applies with h D 0. Hence,

G p D f p ¢ ua (41)

The adjoint displacement ua is now due to a distribution of initial
strain states over the plane-stress or bar elements being lumped.
The strain state to be imposed in the i th plane-stressor bar element,
simultaneouslywith the others in the group, is given by

"T
ini

D ½ exp[½.gi ¡ gmax/].gi;¾ =w0i /; i D 1; : : : ; l (42)

In Eq. (42), l is the number of constraints lumped together, and
gi;¾ =w0i is given by the right-hand side of Eq. (21) or (22), which
is the strain state imposed in a single element in the absence of
lumping.

For a buckling constraint, steps similar to those leading to
Eqs. (32) and (33) from Eq. (12) yield

G p D ¡ ½

p

lX

i D 1

exp[½.gi ¡ gmax/].2gi1 C 4gi2/±ti p C f p ¢ ua (43)

where ±ti p is a Kronecker delta equal to one if design variable p is
the thickness of the i th plane-stress element, otherwise it is zero.
The initial strain for each plane-stresselement is againof the formof
Eq. (42) with gi;¾ =w0 now given by the right-hand side of Eq. (31).

Preliminary Ef� ciency Comparison
The relative computational ef� ciencies of the direct and adjoint

methods dependon whetheror not constraintdeletionis used.With-
out lumping or constraint deletion, the direct method requires so-
lution of Eq. (3) for each design variable, each load case, and each
structural con� guration, whereas the adjoint method requires the
solution of Eq. (8) for each constraint, each load case, and each
structural con� guration. Even when potentially inactive constraints
are deleted before an optimization cycle, or when constraints are
lumped, the direct method still requires solution of Eq. (3) for each
designvariable,each loadcase, and each structuralcon� gurationex-
cept for the load cases and con� gurationswith no activeconstraints.
In contrast, the adjoint method now needs to calculatederivativesof
only potentially active constraints requiring the solution of Eq. (8)
for each such constraint only. The number of active constraints is
typically equal to or smaller than the number of design variables.
Consequently,when the number of load cases or structuralcon� gu-
rations is large, the adjoint method should be more ef� cient than the
direct method. The adjoint method also does not have to go through
the stress recovery stage, translating displacement derivatives into
stress derivatives. This advantage is eroded by constraint deletion.
For large structuralproblemslumpingof the constraintsbeforecom-
puting their individual sensitivities increases the relative ef� ciency
of the adjoint method further, as will be shown later.

The lumping strategy used with the direct method was to lump
each type of constraints (for example, von Mises or buckling con-
straints) in a design region under all load cases into a single KS
functional.Because an initial strain state could not be found for sen-

sitivity calculation when the constraints under all load cases were
lumped into a single functional, a different lumping strategy was
used for the adjoint method. The latter strategy was to lump each
type of constraint in a design region under the most critical load
case into a single KS functional. The most critical load case for a
given design region and a given type of constraint is the one that
causes the largest constraint value in any element of the region. No
ill-conditioning to the optimization was experienced because the
constraints associated with each design region (i.e., with elements
having a common design variable) were lumped together. No con-
straintdeletionstrategywas used with eithermethodwith or without
lumping.With lumping, the numberof constraintswas alreadyclose
to the number of design variables.

Applications
Three examples of varying complexity are used to compare the

computationalef� ciencyof the adjointand directmethods.Example
1 is a 108-bartruss,example2 isa smallHSCT model, andexample3
a largeHSCT model. Sensitivityderivativesare obtainedusing both
methods and then used in optimization.The 108-bar truss example
is used to compare the adjoint and direct methods with and without
lumping. The two HSCT examples are used to compare the two
methods as the number of load cases is varied.

Both the adjoint and direct methods are implemented in a com-
mercial � nite element program, EAL,8 for plane-stress elements
with von Mises stress constraints and buckling constraints and for
truss elements. The optimization code MINOS9 had been previ-
ously incorporated into EAL10. The linear programming option of
MINOS (based on the simplex method) is used in a sequentiallinear
programming (SLP) optimization approach for this study.

Examples 1 and 2 were run on a single processor Pentium 166-
MHz personalcomputerwith a WindowsNT operatingsystemat the
University of Florida. Example 3 was run on a dual processor Pen-
tium 400-MHz personal computer with a Windows NT operating
system at NASA Langley Research Center. For all three examples,
the semi-analytical approach described earlier was used to com-
pute the derivative of the stiffness matrix, design variables were
constrained by move limits that were initially 50% of the starting
design variable values, and when lumping was used the value of the
KS functional parameter ½ was 50.

Example 1: 108-Bar Truss
A 45-node, 108-bar, 80-degrees-of-freedom (DOF) plane truss,

shown in Fig. 1, was divided into 32 design regions, with bars in
each region having a common cross section, thus giving 32 design
variables. Optimization runs were made with seven load cases us-
ing the direct and the adjoint methods, with and without lumping.
When lumping was used, bar stress constraints in each region were
lumped into a continuum KS functional. Hence, there were 32 KS
functionals in either method. When no lumping was used, there
were 756 constraints.The direct method with and without lumping
required the solution of Eq. (3) 224 times, with the stiffness matrix
already factored, whereas the adjoint method required the solution
of Eq. (8), of the same size, 108 and 32 times without and with
lumping, respectively. The reason for 108 solutions instead of 756

Fig. 1 The 108-bar truss.
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Table 1 Optimum weights of the 108-bar truss
and totala CPU times with the direct and adjoint

methods with and without KS lumping under
seven load cases

Method Weight, lb (time, s)

Direct, no lump 36.523 (312)
Direct, lump 37.359 (169)
Adjoint, no lump 36.523 (292)
Adjoint, lump 37.353 (256)

aEight cycles.

Fig. 2 Small HSCT model.

is that the adjoint load vector f a for a given bar for different load
cases differs only by a scalar factor.

The optimum weight and the CPU time using the adjoint method
and the direct method are given in Table 1. The CPU times are for
the entire optimization run, that is eight SLP cycles. The optimum
weights in Table 1 are the weights at the end of eight optimization
cycles representingconvergenceto 12 signi� cant digits even though
only� ve digits are reportedin the table to keepit readable.The direct
and adjoint methods agree to 11 digits without lumping and to four
digits with lumping.

As can be seen from Table 1, the � nal weights show some depen-
dence on lumping and the choice of method. This is attributed to
optimization history and to the effect of the KS functional, which
applies a slightly over-conservative constraint. It can also be seen
that the lumping was more bene� cial to the direct method than the
adjoint method, even though one would expect the opposite. The
reason for this anomaly is that the savings associated with the ad-
joint method is in the solution of the equations of equilibrium with
fewer right-hand sides. The cost of this solution increases superlin-
early with problem size and is very small for small problems. The
additional cost was due to element-level calculations,which is pro-
portionalto the numberof elements in the problemand is, therefore,
more signi� cant than the solution time for small problems.

Example 2: Simple HSCT Model
A simple HSCT wing model, developedby Balabanov et al.,11 is

shown in Fig. 2 (taken fromGiunta and Sobieszczanski-Sobieski12 ).
The three-dimensional model has 193 nodes, 449 two-node bar
elements, 383 triangular isotropic membrane elements, and 129
isotropic shearpanel elementswith a total of 533 DOF. Not all of the
� nite elements are designed. There are 40 design variables consist-
ing of 26 membrane thicknesses and 14 bar cross-sectional areas.
Skin regions at the trailing edge and strake of the wing are governed
by the minimum-gauge-thickness constraint set at 0.0035 ft. The
skin thicknesswithin each design region is uniform. The minimum-
gauge area used for the bar elements is 0.0040 ft2 .

A seriesof optimizationruns with differentnumbersof load cases
was made. There were � ve basic load cases due to pull-up maneu-
vers, climb, cruise, and taxiing. As combinations of the basic � ve
cases,15 additional load cases were derived.Stress constraintswere
based on von Mises equivalent stresses in the membrane elements
and axial stresses in the bars.

Table 2 Optimum weights of the simple HSCT model
and totala CPU times; KS lumping used with both

methods: W, lb (t, s)

No. of Direct Adjoint
load Method Method
cases W , lb (t , s) W , lb (t , s)

1 119746.9 (750) 119746.9 (1410)
5 149327.1 (1410) 149327.1 (1560)
20 149327.1 (2962) 149327.1 (1627)

aEight cycles.

Fig. 3 Half-symmetric � nite element model of the large high-speed
civil transport.

The model was then optimized under 1, 5, and 20 load cases in
different runs subject to buckling and von Mises stress constraints
for membrane elements and yield limits for bar elements. Each
optimization was run for eight cycles, resulting in convergence of
weights to 13 digits. There were 66 KS functionswith both methods
regardlessof the numberof load cases.Equation (3) had to be solved
a total of 40 times the number of load cases with the direct method
and Eq. (8) a total of 66 times with the adjoint method regardlessof
the number of load cases.

Table 2 shows the optimum weights and the CPU times for the
entire optimization run, that is, eight SLP cycles. The � nal weights
from the two methods agree to 13 digits accuracy although only
sevendigits are reported.Also, for this largerproblem, the improved
ef� ciency with number of load cases of this implementation of the
adjoint method compared to the direct method is apparent. For 5
load cases the two methods are comparable, and for 20 load cases
the adjoint method is about 45% cheaper.

Example 3: Large HSCT model
The third example is a half-symmetric model of an entire high-

speed transport aircraft shown in Fig. 3. This model was originally
presented by Scotti.13 Runs were performed at NASA Langley Re-
search Center. The present EAL adjoint runstreams, i.e., set of EAL
instructions,cannot handle four-nodedmembrane elements. There-
fore, each such element in the original model’s design regions was
replaced with two three-noded elements, which increased the total
number of elements in the model to 16,434. In addition, all com-
posite honeycombplate sectionswere replacedwith isotropicmem-
brane sections,which reduced the number of design variables in the
model to 61. Both stress and buckling constraints are computed for
the triangular elements in the design regions.

There are seven basic load cases: six arising from supersonicma-
neuvers at C2:5 g and ¡1:0 g and the seventh representing a taxi
condition.Additional 14 cases were generated from various combi-
nationsof the 6 basic maneuver load cases. For timing purposes, the
model was run for four optimization cycles using both the adjoint
and directmethods.For each method, analyseswere performedwith
1, 7, 14, and 21 load cases. Figure 4 shows plots of the actual CPU
time required to complete each of the four optimization cycles for
the different analysis methods and load case scenarios. The lines
in Fig. 4 show the best-� t averages of the run times of the four
cycles.

For a single load case, the direct method is twice as fast as the
adjoint method. However, as the number of load cases increases,
the adjoint method becomes more ef� cient. Because this example
is larger than the earlier two examples, the ef� ciency of the adjoint
methodas thenumberof loadcases increasesis greater,and thebreak
even point now appears to be around three or four load cases.For 21
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Fig. 4 CPU timing as a function of the number of load cases for the
large high-speed civil transport.

Fig. 5 Optimization history for the large high-speed civil transport.

load cases, the problem solution with the adjoint method requires
only about one-third of the time required by the direct method.

In addition, the optimization was run to convergence using both
methods with one load case and seven load cases. Figure 5 shows
the convergencehistory for the normalized objective function. It is
seen that the direct and adjoint methods converge to comparable
weights. The values of the design variables were also similar.

Conclusions
Sensitivities of von Mises stress and normal and shear buckling

constraints in membranes have been formulated and computed us-
ing the adjoint method. Sensitivity of lumped constraints has also
been computed. The present formulation utilizes a characteristicof
homogenous functions to avoid calculation of partial derivativesof
the constraintsand the stress resultants.Test cases, including a 108-
bar truss and two HSCT models of differentcomplexities,were used
to compare the direct and the adjoint methods of sensitivitycompu-
tation. The two methods have been compared in terms of ef� ciency
for various numbers of load cases in optimization runs performed
with the EAL � nite element software.

The directmethodwas found to be more ef� cient for optimization
of small systems under a small number of load cases. The adjoint
method outperforms the direct method in runs with a large number

of load cases. The advantage of the adjoint method results from
requiring static solutions equal in number to the number of active
constraints, whereas the direct method requires a number equal to
the number of design variables times the number of load cases.
The advantage of the adjoint method increases with problem size
because the solution cost per load case increases superlinearlywith
problem size.

Note, however, that the implementedEAL optimizationcode was
originallydevelopedfor the directmethodandaidedwith processors
developed especially for this method. The implementation of the
adjoint method used standard EAL runstream commands, which
may accrue higher overhead during execution. Thus, for a single
load case, the adjoint method required substantiallymore time than
the direct method.

No constraint deletion strategy was used with either the direct or
the adjoint method. It may be worthwhile to investigatethe effect of
constraintdeletionin conjunctionwith lumpingor without lumping.
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